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Abstract 

We provide a dual representation of quasiconvex maps it : Ljr — s> 
Lg, between two lattices of random variables, in terms of conditional 
expectations. This generalizes the dual representation of quasiconvex real 
valued functions n : Ljr —¥ R and the dual representation of conditional 
convex maps n : Ljf — > Lg. 
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1 Introductio 

Quasiconvex analysis has important applications in several optimization prob- 
lems in science, economics and in finance, where convexity may be lost due to 
absence of global risk aversion, as for example in Prospect Theory [KT92j . 

The first relevant mathematical findings on quasiconvex functions were pro- 
vided by De Finetti |DF49j and since then many authors, as |Fe49j . |Cr77j . 
[Cr80] . |ML81j . |PP84j and }PV90] - to mention just a few, contributed sig- 
nificantly to the subject. More recently, a Decision Theory complete duality 
involving quasiconvex real valued functions has been proposed by [CM09| . For 
a review of quasiconvex analysis and its application and for an exhaustive list 
of references on this topic we refer to Penot |Pe07j . 

A function / : L — > R := R U {— oo} U {oc} defined on a vector space L is 
quasiconvex if for all c G R the lower level sets {X G L | f(X) < c} are convex. 
In a general setting, the dual representation of such functions was shown by 
Penot and Voile |PV90l . The following theorem, reformulated in order to be 
compared to our results, was proved by Voile |Vo98j . Th. 3.4. As shown in the 
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Appendix 15.21 its proof relies on a straightforward application of Halm Banach 
Theorem. 

Theorem 1 ( |Vo98] ) Let L be a locally convex topological vector space, L' be 
its dual space and f : L — >• K := MU{— oo}U{cxj} be quasiconvex and lower 
semicontinuous. Then 

f(X) = sup R(X'(X),X') (1) 

X'£L< 

where R : RxL' — ¥ K is defined by 

R(t,X') :=inf :{/(£) I *'(£)>*}■ 

The generality of this theorem rests on the very weak assumptions made 
on the domain of the function /, i.e. on the space L. On the other hand, the 
fact that only real valued maps are admitted considerably limits its potential 
applications, specially in a dynamic framework. 

To the best of our knowledge, a conditional version of this representation 
is lacking in the literature. When (fi, T, (.Ft)t>o, P) is a filtered probability 
space, many problems having dynamic features leads to the analysis of maps 
7r : Lt — > L s between the subspaces Lt C L 1 ^, J-t,P) and L s C L°(f2, T s , P), 
< s < t. 

In this paper we consider quasiconvex maps of this form and analyze their 
dual representation. We provide (see Theorem [5] for the exact statement) a 
conditional version of ([T]): 

n(X) = ess sup R(E Q [X\T.],Q), (2) 
Qeh' t r\V 

where 

R(Y, Q) := ess inf {vr(£) | E Q [^„] > Q Y} , Y e L s , 
L* t is the order continuous dual space of L t and V =: | Q << 

Furthermore, we show that if the map tt is quasiconvex, monotone and cash 
additive then it is very easy to derive from the well known representation of 
a conditional convex risk measure [DS05J . 

The formula ([2]) is obtained under quite weak assumptions on the space 
L t which allow us to consider maps 7r defined on the typical spaces used in 
the literature in this framework: L°°(f2, Tt, P), L V (Q,, Ft, P), the Orlicz spaces 

L*(n,Ji,p). 

We state our results under the assumption that 7r is lower semicontinuous 
with respect to the weak topology a{L t ,Ll). As shown in Proposition [T3l this 
condition is equivalent to continuity from below, which is the natural require- 
ment in this context. 
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The proof of our main Theorem [5] is not based on techniques similar to 
those applied in the quasiconvex real valued case [Vo98] . nor to those used for 
convex conditional maps |DS05| . The idea of the proof is to apply ([1]) to the real 
valued quasiconvex map tta ■ L t — > K defined by tta{X) := ess sup^^A tt(X)(lu), 
A G T s , and to approximate 7r(AT) with 

n r (X) :=Y,Ka{X)Ia, 
Aer 

where T is a finite partition of fl of J- s measurable sets A G T. As explained in 
Section 14.11 some delicate issues arise when one tries to apply this simple and 
natural idea to prove that: 

ess sup ess inf {tt(0\ e q[^s} >q E q [X\T s ]} 
QeL;nv ?e L * 

= essinf ess sup ess inf {tt t ' (Z)\Eq[Z\F.] >qE q [X\F s ]} (3) 
r QeL'nr ?e L * 

The uniform approximation result here needed is stated in the key Lemma 1271 
and the Appendix 15. H is devoted to prove it. 

In this paper we limit ourselves to consider conditional maps n : L t — > L s 
and wc defer to a forthcoming paper the study of the temporal consistency of 
the family of maps (vr s ) se [o,t], tt s : L t L s . 

As a further motivation for our findings, we give two examples of quasiconvex 
conditional maps arising in economics and finance, which will also be analyzed 
in details in a forthcoming paper. 

1. Certainty Equivalent in dynamic settings . Consider a stochastic dynamic 
utility (SDU) 

u : Rx [0, oo) x SI -> 1 

that satisfies the following conditions: the function x — > u(x,t,Lo) is 
strictly increasing and concave on K, for almost any uj G f2 and for 
t G [0,00), and u(x,t,-) G L°°(Cl, F t ,V) for all (x t) G Rx[0,oo ). This 
functions have been recently considered in |MZ06j and [MSZ08] to de- 
velop the theory of forward utility. 

In |FM09| we study the Conditional Certainty Equivalent (CCE) of a 
random variable X € L t , which is defined as the random variable ir(X) G 
L s solution of the equation: 

u(Tr(X),s)=E r [u(X,t)\F s }. 

Thus the CCE defines the valuation operator 

TT : L t -»• L s , n(X) = u' 1 (E v [u(X, t)\T.]) , s). 
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We showed in }FM09j that the CCE, as a map ir : L°°(r2, T u P) -> 
L°°(Q,, J- s , P), is monotone, quasi concave, regular and that for every 
X e L°°(Q, J" t ,P) 

jr(X)=inf sup {tt(C) | £ Q [£| J",] =q £ Q [X| J;]} . (4) 
2. i?«sfc measures. 

(a) i?eaZ valued quasiconvex risk measures. Our interest in quasiconvex 
analysis was triggered by the recent paper |CV09] on quasiconvex risk 
measures, where the authors shows that it is reasonable to weaken the 
convexity axiom in the theory of convex risk measures, introduced 
in jFS02j and jFR02j . This allows to maintain a good control of the 
risk, if one also replaces cash additivity by cash subadditivity |ER09] . 

(b) Dynamic risk measures. As already mentioned the dual representa- 
tion of a conditional convex risk measure can be found in [DS05] and 
|FP06j . The findings of the present paper can be adapted to prove 
the dual representation of conditional quasiconvex risk measures. 

The paper is organized as follows. In Section [5] we introduce the key def- 
initions in order to have all the ingredients to state, in Section 12.11 our main 
results. Section [3] is a collection of a priori properties about the maps we use 
to obtain the dual representation. Theorem [5J is proved in Section 2] and a 
brief outline of the proof is there reported to facilitate its understanding. The 
technical important Lemmas are left to the Appendix, where we also report the 
proof of Theorem [T] 

2 The dual representation 

The probability space (f2, J 7 , P) is fixed throughout the paper and Q C T is any 
sigma algebra contained in T. As usual we denote with L°(Q, T, P) the space 
of T measurable random variables that are P a.s. finite. 

The L p (fl 7 J 7 , P) spaces, p s [0, oo], will simply be denoted by L p , unless it is 
necessary to specify the sigma algebra, in which case we write Ljr. In presence 
of an arbitrary measure fx, if confusion may arise, we will explicitly write = ll 
(resp. > M ), meaning /i almost everywhere. Otherwise, all equalities/inequalities 
among random variables are meant to hold P-a.s. Moreover the essential (P al- 
most surely) supremum ess swp x (X\) of an arbitrary family of random variables 
X\ E L°(Q, T, P) will be simply denoted by sup A (X A ), and similarly for the es- 
sential infimum (see |FS04j Section A. 5 for reference). Here we only notice that 
l J 4Sup A (X A ) = sup A (l^X A ) for any T measurable set A. Hereafter the symbol 

denotes inclusion and lattice embedding between two lattices; V (resp. A) 
denotes the essential (P almost surely) maximum (resp. the essential minimum) 
between two random variables, which are the usual lattice operations. 

We consider a lattice Ljr := L(0,J 7 ,P) C L°(Ct, J 7 , P) and a lattice Lg := 
L(fl,Q,F) C L°(Q,Q,P) of T (resp. Q) measurable random variables. 
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Definition 2 A map ir : Ljr — > Lg is said to be 
(MON) monotone increasing if for every 1,7 6 Ljr 

X < Y tt(X) < tt(Y) ; 

(QCO) quasiconvex if for every I,F6 Ljr, A £ Lg and < A < 1 
tt(AA: + (1 - A)Y) < n(X) V n(Y) ; 

(LSC) t— lower semicontinuous if the set {X £ Ljr | tt(X) < Y} is closed for 
every Y £ Lg with respect to a topology t on Ljr. 

Remark 3 As it happens for real valued maps, it is easy to check that the 
definition of (QCO) is equivalent to the fact that all the lower level sets 

A{Y) = {X e Ljr | tt(X) < Y] VYeLg 

are conditionally convex i.e. for all X\,Xi £ A(Y) and for all Q-measurable 
r.v. A, < A < 1 one has that KXx + (1 - A)X 2 £ A{Y). 

Definition 4 A vector space Ljr C Ljr satisfies the property ljr if 

X £ Ljr and A £ T =$> (X1 A ) £ Ljr. (ljr) 

Suppose that Ljr (resp. Lg) satisfies the property (ljr) (resp lg). 
A map 7r : Ljr —5- Lg is said to be 

(REG) regular if for every X, Y £ Ljr and A £ Q 

ir(Xl A + Yl A c) = tt(X)1 a + n(Y)l A c. 

Remark 5 The assumption (REG) is actually weaker than the assumption 

tt(X1 a )=7t(X)1 a VAeQ. (5) 

As shown in \DS0bl . [5]) always implies (REG), and they are equivalent if and 
only if 7r(0) = 0. 

2.1 The representation theorem and its consequences 

Standing assumptions 

In the sequel of the paper it is assumed that: 

(a) Q C J- and the lattice Ljr (resp. Lg) satisfies the property (ljr) (resp lg). 

(b) The order continuous dual of (Ljr, >), denoted by L*-p = (Ljr, >)*, is a lat- 

tice ( JABQpy . Th. 8.28 Ogasawara) that satisfies L*-p >• Ljr and property 
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(c) The space Ljr endowed with the weak topology a (Ljr, Ljr) is a locally convex 
Riesz space. 

The condition (c) requires that the order continuous dual Lp- is rich enough 
to separate the points of Ljr, so that (Ljr,a(Ljr, Lj-)) becomes a locally convex 
TVS and Proposition [33] can be applied. 

Remark 6 Many important classes of spaces satisfy these conditions, as for 
example 

- The L p -spaces, p <E [1, oo]: Ljr = L 1 ^, Lj, = Ljr <—} Lj. 

- The Orlicz spaces £* for any Young function \I f : Ljr = Lj, Lj = Lj <—} Lj, 
where \&* denotes the conjugate function of ; 

- The Morse subspace Af* of the Orlicz space L*, for any continuous Young 
function Lj- = M*, L*j = Lf" -4 L\. 

Set 

V =: |^ | Q « P and Q probabilityj = {£' E L\ \ E r {£] = l} 

From now on we will write with a slight abuse of notation Q £ Ljr n V instead 
of f el^n?. Define for X £ Ljr and Q e LjClV 

K(X,Q) := inf | Eq[£|0] > Q £q[X|S]} 

and notice that K(X, Q) depends on X only through 

Remark 7 Since the order continuous functional on Ljr are contained in L 1 , 
then Q(£) := is well defined and finite for every £ £ Lj- and Q £ LjClV. 

In particular this and (ljr) implies that Eq[£\Q] is well defined. Moreover, since 
L*-p Lj satisfies property (ljr) then ^lyi £ L*jr whenever Q £ Lj and 
AeJ 7 . 

Theorem 8 If tt : Ljr ->• Lg is (MON), (QCO), (REG) and a {Ljr, L*j)-LSC 
then 

n(X) = sup K(X,Q). (6) 

QeL* T nV 

Notice that in ([6]) the supremum is taken over the set LjPiV. In the following 
corollary, proved in Section I4.2[ we show that we can match the conditional 
convex dual representation, restricting our optimization problem over the set 

V Q =■ \ 5 I Q g P and Q = p on Q 
I dr 

Clearly, when Q E Vg then L°(fl,Q,F) = L°(fl,0,Q) and comparison of Q 
measurable random variables is understood to hold indifferently for P or Q. 
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Corollary 9 Under the same hypothesis of Theorem^ suppose that for X € 
Ljr there exists r\ € Ljr and 8 > such that P(7r(?y) + S < tt(X)) = 1. Then 

n(X)= sup K(X,Q). 
QeL^nVg 

Remark 10 It's worth to be observed that actually the assumption (MON) is 
only used for obtaining the dual representation over the set of positive ele- 
ments of the dual space, i.e. on probability measures (see Proposition^^. On 
the other hand, for £' G Ljr D Ljr, we could define a generalized conditional 
expected value E^XlQ] = M Ep[£'X|C/] • Ep^'lQ}" 1 , where /j, is a finite signed 
measure whose density is -M = £' and drop the (MON) assumption in Theorem 
[3 Only in the next three results the (MON) plays a role. 

Definition 11 We say that tt : Ljr — > Lg is 

(CFB) continuous from below if 

X n tX Pa.j. n(X n )^7r(X) P a.s. 

In [BF09] it is proved the equivalence between: (CFB), order lsc and cr(Ljr, L*jr)- 
(LSC), for monotone convex real valued functions. In the next proposition we 
show that this equivalence remains true for monotone quasiconvex conditional 
maps, under the same assumption on the topology o~(Lf, Ljr) adopted in [BF09] . 

Definition 12 ([BF09]) A linear topology t on a Riesz space has the C-property 
if X a — ► X implies the existence of of a sequence {X an } n and a convex combi- 
nation Z n 6 conv(X an , ...) such that Z n A X . 

As explained in |BF09j . the assumption that a (Ljr, Ljr) has the C-property 
is very weak and is satisfied in all cases of interest. When this is the case, in 
Theorem[5]the cr(Ljr, iJ-)-(LSC) condition can be replaced by (CFB), which is 
often easy to check. 

Proposition 13 Suppose that a(Ljr, L*jr) satisfies the C-property and that Ljr 
is order complete. Given tt : Ljr —5- Lg satisfying (MON) and (QCO) we have: 
(i) tt is a(Ljr, Ljr)-(LSC) if and only if (ii) tt is (CFB). 

Proof. Recall that a sequence {X n } C Ljr order converge to X € Ljr, X n A 
X, if there exists a sequence {Y n } C Ljr satisfying Y n \. and \X — X n \ < Y n . 

(i)=> (ii): Consider X n \ X. Since X n t X implies X n A X, then for 
every order continuous Z 6 L*jr the convergence Z(X n ) — > Z(X) holds. From 

Ljr^Ljr 

E P [ZX n ] -» E P [ZX] \/Z 6 L*jr 
and we deduce that X n "^Z^.^ x. 

(MON) implies Tr(X n ) t and p := lim„7r(X„) < tt(X). The lower level set 
A p = {£, G Ljr | 7r(£) < p} is cr(Ljr, Ljr) closed and then X € A p , i.e. tt(X) = p. 
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(ii)=>(i): First we prove that if X n A X then n(X) < limmf ra ir(X n ). Dehne 
Z n := (inf/;> n Xk) A X and note that X — Y n < X n < X + Y n implies 

X > Z n = (inf X k ) AX> (m {-Y k ) + x] A X t X 

i.e. Z n t A. We actually have from (MON) Z n < X n implies n(Z n ) < n(X n ) 
and from (CFB) tt(X) = lim„ Tr(Z n ) < liminf„ Tr(X n ) which was our first claim. 
For Y G Lg consider Ay = {£, G Ljr | 7r(£) < Y} and a net {X a } C Ljr such 

that x a a ^ T > X e Ljr. Since Ljr satisfies the C-propcrty, there exists 
K„ G Conw(X Q?i ....) such F„ A X. The property (QCO) implies that Ay is 
convex and then {Y n } C _4y Applying the first step we get 

tt(X) < liminf 7r(y n ) < Y i.e. X e -4y 



In the following Lemma and Corollary, proved in Section 13.21 we show that 
the (MON) property implies that the constraint Eq[^\Q] >q Eq[X\Q] may be 
restricted to Eq[£\Q] =q £7q [J*iT | C/] and that we may recover the dual represen- 
tation of a dynamic risk measure. When Q G L*-p n Vg the previous inequal- 
ity/equality may be equivalently intended Q-a.s. or P-a.s. and so we do not 
need any more to emphasize this in the notations. 

Lemma 14 Suppose that for every Q G LjrClVg and £ G Ljr we have Eq[^\Q] G 
Ljr. If Q G L* T n Vg and if tt : L r ^ Lg is (MON) and (REG) then 

K{X,Q)= inf {n(0 \ E Q [t\g] = E Q [X\G]} . (7) 

Definition 15 Suppose that 7r : Ljr — > Lg is convex. The conditional Fenchel 
convex conjugate 7r* of 7r is given, for Q G L*-p fl Vg, by the extended valued 
Q— measurable random variable: 

tt*(Q)= sup {E Q [t\g]-n(t)}. 

A map n : Ljr — > Lg is said to be 
(CAS) cash invariant if for all X G Ljr and A G Lg 

tt(X + A) = tt(X) + A. 

In the literature |FR04| , [DS05] , [FP06J a map p : Ljr — > Lg that is monotone 
(decreasing), convex, cash invariant and regular is called a convex conditional 
(or dynamic) risk measure. As a corollary of our main theorem, we deduce 
immediately the dual representation of a map ir satisfying (CAS), in terms of 
the Fenchel conjugate ir* , in agreement with |DS05j . Of course, this is of no 
surprise since the (CAS) and (QCO) properties imply convexity, but it supports 
the correctness of our dual representation. 
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Corollary 16 Suppose that for every Q G L*jr n Vg and £ £ Ljr we have 

E Q {Z\g]eL T . 

(i) IfQeL^HVg andifir-.Ljr^Lg is (MON), (REG) and (CAS) then 

K(X,Q)=E Q [X\g]-ir*(Q). (8) 

(ii) Under the same assumptions of Theorem^ and if it satisfies in addition 
(CAS) then 

tt(X)= sup {E Q [X\g]-n*(Q)}. 

3 Preliminary results 

In the sequel of the paper it is always assumed that ir : Ljr Lg satisfies 
(REG). 

3.1 Properties of R(Y, f) 

To any £' G LjrD(Ljr) + we may associate a measure fi such that ^ = Given 
an arbitrary Y G Lg, define: 

A(Y, ?) := {tt(0 I £ G >^ n. 

ii(r,0 := inf {tt(0 I > M r} = inf^F,^)- 

Lemma 17 for every K G and £' G ^ + ^ e se ^ ^(^C') * s down- 
ward directed and therefore there exists a sequence {T] m } m=1 G Ljr such that 

E A£'V m \G] >M Y and ttsm t», n(Vm) 4- R ( Y ^')- 

Proof. We have to prove that for every 7r(£i), 7r(£ 2 ) g A(Y,£') there ex- 
ists -k(C) 6 such that tt(£*) < min{7r(^ 1 ), tt(^ 2 )}. Consider the Q- 
measurable set G = {7r(^ 1 ) < 7r(£ 2 )} then 

minMW, ^fe)} = tt(€i)1g + tt(£ 2 )1 g c = Trfolc + £ 2 l G c) - AC), 

where £* = + fjlcc Since £p[£T|£] = Lp[^il^l G + M^I^G^ 

and M « P together imply Ep[t't\G] =„ E r [^'^\g]l G + Ep[£'£ 2 \g]l G c > M Y, 
we can deduce 7r(£*) G A(Y,£'). ■ 

Lemma 18 Properties of R(Y,£'). Let £' GL* F n (L%)+. 
i) i?(-,£') is monotone 

n) R{\Y,Xg) = R(Y, £') /or any A > 0, Y € Lg. 
in) For every A e g , X e Lj- and Y = li Ev[Xg\Q] 

R{Y,t')l A = inf {tt(£)1 a | Ep[£'£\G] > M Y} (9) 

= inf {tt(01a I W£1a|0] >m , (10) 
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iv) For every Yi,Y 2 G Eg 

(a) R(Y 1 ^')AR(Y 2 ,^') = R{Y 1 A Y 2 ,0 

(b) R(Y U Z') Vii(y a ,0 = VKa.O 

•yj TTie map i?(Y, £ ) is quasi-affine with respect to Y in the sense that for 
every Y±, Y 2 , A G and < A < 1, we have 

R(AY 1 + (1 - A)Y 2 , CO > R{Yi,£') A fl(Y 2 ,C0 (quasiconcavity) 
R(AY 1 + (1 - A)F 2 , C') < #(*i,C0 V fl(*2,0 (quasiconvexity). 

Proof. Since 7t(C1a) — tt(0)1a c = ^(OIa ; w.l.o.g. we may assume in the 
sequel of this proof that 7r(0) = and so 7t(C1a) = tt(C)1a- 
(i) and (ii) are trivial. 

(hi) By definition of the essential infimum one easily deduce ©■ Let = C'- 
To prove (TIT)]) , for every C G Ljr such that -Etp[C'C1a|£?] >/j ^1a we define the 
random variable rj = CIa + Xl A c which satisfies Ep[^'i]\Q] > M Y. In fact since 
/i«Pwc have that £ P [C'r/|0] = E P [£'£\g]l A + E v [£'X\g}l A c implies 

^[cMs] =„ ^[^ioju + j e p [c , x|s]i ac y. 

Therefore 

{7 ? 1 A I 7, G Ljr, E T [£'r)\g] >„ Y) = {Q A \ C G L^, E r [Z'£l A \g] >„ 
Hence from ((9]): 

Ia^.O = mf {tt(7/1a) I £p[C'^] > M F} 

= inf {tt(£1a) I £p[£'£1a|0] >m ^1a} 

and ((TOj) follows. 

iv) a): Since £') is monotone, the inequalities i?(Yi, CO A R(Y 2 ,£ r ) > R{Y\ A 
F 2 , C') and f?(Yi, C') V #(F 2 , CO < i?(Yi V Y 2 , £') are always true. 
To show the opposite inequalities, define the ^-measurable sets: B := {R(Yi,£') < 
R{Y 2 ,£')} and A := {Y x < Y 2 } so that 

R(Yx, CO A R(Y 2 , CO = i?(y 1; CO 1b + #(Y 2 , CO^c < R(Yx , COIa + R(Y 2 , ?)l A o 

(11) 

i?( Yi , CO v R(Y 2 , CO = R(Y 1 , CO Isc + R(Y 2 , CO 1b > R(yi , O 1 ^ + # (^2 , CO 1 a 
Set: £>(A, Y) = {C1a C e Af, ^ p [C'C1a|0] >/x Y1 a } and check that 

D(A,yo + d(a°,y 2 ) = {c g 1 £ P [c'ci£] > M ra A + r 2 i AC } := d 
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From (fTTj) and using (fTU)) we get: 



R(Y u ?)l A + R(Y 2 ,Z')l A o 
n 

{tt^1 a )+tt(t 1 1 a c)} 



inf {tt^1 a )}+ inf Mvl A o)} 

Zl A £D(A,Yi) v X A cdD(AC,Y 2 ) 



inf 

ril A c£D(A c ,Y 2 ) 

inf M^1a + »?1ao)} 

(aA+r,l A c)e-D(A,y 1 )+_D(AC,y 2 ) 

inf {tt(0} =R(Y 1 l A + Y 2 l A o,£') =R(Y 1 AY 2l O. 

Simile modo: iv) b). 

(v) From the monotonicity of #(•,£')> A F 2 ,£') < i?(AYi + (1 - A)y 2 ,0 

(resp. i?(Yi V Y 2 , £') > R(AY 1 + (1 - A)F 2 , £')) and then the thesis follows from 
iv). ■ 

3.2 Properties of K(X, Q) 

For £' G L> n and X e Ljr 

R(Er[t'X\g\ t ?) = inf {tt(0 | £f[^|S] >m = K(X,?). 

Notice that K(X, £) = K(X, A£') for every A > and thus we can consider 
.fsf (X, £'), £' ^ 0, always defined on the normalized elements Q G L}r n P. 

Moreover, from Ejp 

deduce: 

'dQ, 



§X\d\ = Q E P [§ | G]E Q [X\g] and £ P [§ | 0] > Q we 



>o Ep 



:X I ^ 



> q e q [x\g\. 



For Q G ijr fl V we then set: 



K(X,Q) := inf {tt(0 | E Q [t\Q\ > Q E Q [X\G}} = R ( E P 



Lemma 19 Properties of K(X, Q). Let Q G L^nV and X e Ljr. 

i) K(-,Q) is monotone and quasi affine. 

ii) K(X, •) is positively homogeneous. 

in) K(X,Q)1 A = inf eei ^ M^aJ E Q [£l A \g] > Q E Q [X1 A \G}} for all A eg. 

iv) There exists a sequence < £^ f E Ljr such that 

I J m— 1 

E Q [&\g] > Q E Q [X\g] Vm>l, tt(&)IK(X,Q) asm^^- 

v) The set K, = {K(X,Q) \ Q G IjflP} is upward directed, i.e. for every 
K(X,Qx), K(X,Q 2 ) G K there exists K(X,Q) G K such that K(X,Q) > 
K(X,Q 1 )VK(X,Q 2 ). 

vi) Let Qi and Q 2 be elements of Ljr n V and B eg. If -y-ls = -gp^ls then 
K{X,Q 1 )1 B =K(X,Q 2 )1 B . 
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Proof. The monotonicity property in (i), (ii) and (iii) are trivial; from 
Lemma [T8l v) it follows that K(-,Q) is quasi afhne; (iv) is an immediate conse- 
quence of Lemma 1171 

(v) Define F = {K(X, Q x ) > K(X, Q 2 )} and let Q given by ^ := + 
l F c^^-; up to a normalization factor (from property (ii)) we may suppose 
Q e L*jr n V. We need to show that 

K(X, Q) = K(X, Q 1 ) V K{X, Q 2 ) = K{X, Qi)l F + K(X, Q 2 )l F c ■ 

Prom E§[t\g\ =q E Ql [i\g\l F +E Q2 [i\g]l F a wegetS g [e|e?]lF = Ql E Ql [t\g\i F 
and £^[£|£/]l F c —q 2 Eq 2 [£\Q]1 f c. In the second place, for i = 1,2, consider 
the sets 

A = {£,eLjr\ E^\G] > Q E Q [X\9]} A, = U G L T \ E Qi \t\Q\ > Qi E Qi [X\g)}. 
For every £ e A\ define r) = £1 F + Xl F c 

Qi « p => r]i F = Ql fij => E Q [ v \g}i F > Q E Q [x\g]i F 

Q 2 « P => r,l F c = Q2 Xl F c => EQ[ri\g)l F c =q Eq[X\0\1 f o 

Then rj e 1 and tt(£)1 f = 7r(£l F ) - tt(0)1 f c = tt(?71 f ) - tt(0)1 f c = n(rj)l F . 
Viceversa, for every r\ e A define £ = r\\ F + Xl f c. Then ^ 6 ii and again 
7r(£)l F = 7r(r?)l F . Hence 

inf 7r(£)l F = inf -n{r\)\ F . 

In a similar way: infj g ^ 2 7r(£)l F c = inf 7r (7j)l F c and we can finally deduce 

K(X, Q 1 ) V K(X, Q 2 ) = K(X, Q). 

(vi) . By the same argument used in (v), it can be shown that inf^g^ 7t(£)1b = 
infj Sj 4 2 ^(O^-b and the thesis. ■ 

Proof of Lemma 1141 Let us denote with r(X, Q) the right hand side 
of equation ([7]) and notice that K(X, Q) < r(X, Q). By contradiction, suppose 
that F(A) > where A =: {K{X,Q) < r(X,Q)}. As shown in Lemma IT9l iv) . 
there exists a r.v. £ g L F satisfying the following conditions 

• E Q [Z\g\ > Q E Q [X\g] and Q{E Q [i\Q\ > E Q [X\g]) > 0. 

• K(X,Q)(u) < n(£)(uj) < r(X,Q)(u) for P-almost every weBCi and 
¥(B) > 0. 

Set Z =q Eq[^ — By assumption, Z € L F and it satisfies Z >q 

and, since Q £ Vg, Z > 0. Then, thanks to (MON), tt(£) > tt(£ - Z). From 
£q[£ - Z\g] = Q E Q [X\g\ we deduce: 

K(X,Q)(u) < tt(£)M < r(X,Q)(w) < tt(£ - Z)(w) for P-a.c. w £ B, 
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which is a contradiction. ■ 



Proof of Corollary 1161 The (CAS) property implies that for every 
X e Ljr and 6 > 0, P(tt(A - 26) + S < tt(X)) = 1. So the hypothesis of 
Corollary [5] holds true and we only need to prove ((5J), since (ii) is a consequence 
of (i) and Corollary [9] Let Q G L^r n Vg. Applying Lemma [T4l we deduce: 

K(X,Q) = inf {tt(0 I £ Q [£|£] = Q £q[X|0]} 

= E Q [X\G] + inf {tt(C) - £qW] I £ Q [£|0] =q E Q [x\g\} 

= + inf mo - E Q [£\g] I E Q [i\g\ = Q E Q [x\g\} 

= e q [x\g] - sup {E Q [t\g\ - tt(0 I =q £ q ™> 

- £ Q [Jf|£]-7r*(Q), 
where the last equality follows from Q G Vg and 

tt*(Q)= sup {E Q \t + E Q \x-t\g\ \g}~ir(£ + E Q lX -t\g})} 

Sup - 7T(7j) I 7? = £ + £ Q [X - 

< SUp {SqKI^] - 7T(0 I B [f|S] =Q £ Q [A|0]} < 7T*(Q). 

■ 

3.3 On H(X) and a first approximation 

For X £ Ljr we set 

ffpT):= sup if(X,Q) = sup M \ E Q [^\g] > Q E Q [X\g}} 

and notice that for all A G g 

H(X)1 A = sup inf {ir(£)l A I Sg[f |0] >g £q[A|£]} . 

QeL^nv 

Lemma 20 Properties of H(X). Let X G Ljf- 
J? is monotone 
ii) H(X1 A )1 A = H(X)1 A for any A G g . 

Hi) There exist a sequence {Q k } k>1 G L*jr and, for each k > 1, a sequence 
Um } ^ Ljr satisfying E Qk [^ | g] > Qk E Qk [X\G] and 

V ) m>l 

tt(££* ) 1 if (X, Q k ) dsrafoo, if (X, g fc ) t H(X) ask too, (12) 
if(X) = lim lim (13) 

A;— >oo m— >-oo 
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Proof, i) is trivial; ii) follows applying the same argument used in equation 
(|10P ; the other property is an immediate consequence of what proved in Lemma 
IT51 and [T7] regarding the properties of being downward directed and upward 
directed. ■ 

Lemma 21 Let Q C L* F n V and suppose that the map S : Lg x Q — > Lg is 
quasiconvex with respect to Y G Lg, for each Q G Q. Then the functional 

f(X)= sup S(E Q [X\g],Q) 
Qec 

is quasiconvex with respect to X G Ljr . In particular, H(X) is quasiconvex with 
respect to X G Ljr. 

Proof. The first claim is a straightforward application of the definition. By 
Lemma [T9li') K(-, Q) is quasiconvex and the second statement follows. ■ 

The following Proposition is an uniform approximation result which stands 
under stronger assumptions, that are satisfied, for example, by L p spaces, p G 
[l,+oo]. We will not use this Proposition in the proof of Theorem even 
though it can be useful for understanding the heuristic outline of its proof, as 
sketched in Section I4TT1 

Proposition 22 Suppose that L* F <—t Ljr is a Banach Lattice with the property: 
for any sequence {n n } n C [L* F ) + , i] n i] m = for every n ^ m, there exists a 
sequence {ctk}k C (0, +oo) such that J2 n anr ln G (Lp)+- If H(X) > — oo 
P — a.s., then for every e > there exists Q e G L* F !~l V such that 

H(X)-K(X,Q e ) <e (14) 

Proof. From Lemma [2(2 cq. (fT2]) , we know that there exists a sequence 
Qk G Ljr n V such that: 

K(X,Q k ) tH(X), as k t oo. 
Define for each k > 1 the sets 

D k =: {H(X)-K(X,Q k )<e} 

and note that 

P (D k ) 1 1 as k f oo. (15) 
Consider the disjoint family {-Ffc} fc>1 of Q— measurable sets: F\ = D\, F k = 

n 

Dk\Dk-i, k > 2. By induction one easily shows that |J = D n for all n > 1. 

fc=i 

This and §T5§ imply that P ( \J F k ^j = 1. Consider the sequence 

From the assumption on L*jr we may find a sequence {a k }k C (0, +oo) such that 
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= : Er=i«fc^ Ll F fc Ljr. Hence, Q e e (L»+ n and > since 

{-^fclfc^i are disjoint, 

If, = Ok If, , tor any k > 1. 

dP " dP " 



Normalize Q e and denote with Q e = \Q e € fl "P the element satisfying 

cflP 



\\ L i = 1. Applying Lemma IHH (vi) we deduce that for any k > 1 



/f(X,Q e )l^=ir(A- > Q e )l^ =Jf(X > a fc Qfc)l n =A'(A: > Q fc )l n , 

and 

- A(A,Q e )l Ffc =JT(X)l^ -tf(X,Q fc )lf fc <elF fc . 

The condition (|14p is then a consequence of P (Dk) t 1- Notice that the as- 
sumption H(X) > — oo is only used in (|15p and that without this assumption 
the conclusion (| 14[) would hold true on the set {H (X) > — oo} . ■ 

3.4 On the map ix a 

Consider the following 

Definition 23 Given ix : Ljr — » we define for every A £ Q the map 

tta ■ Ljr — > R 6y 7r^(A) := ess sup it(X)(uj). 

Notice that the map tta inherits from it the properties (MON), (QCO) and 
(CFB). Applying Proposition ITUl we deduce that tta is also a(Ljr, Lj?)-lsc. 

Proposition 24 Under the same assumptions of Theorem^ if A G Q 

tta(X)= sup inf {tta(0 \E Q [S\g\> Q E Q [X\g\}. (16) 

Proof. FromL> L 1 (J"), we have: L>n7> = | Q e (z,^)* an d Q(l) = l|. 

Since 7Tyi is ct(Ljf, ijr)-lsc the representation (|TH|) follows immediately applying 
Proposition [33] to the map tta and observing that 

tt a (A) = sup inf {tta(0 \ Eq[£] > Eq[X]} 

QeL* T nv i£ L * 

< sup inf {tt a (0 I E Q [£\g\ > Q E Q [X\g}} < tt a (X). 
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4 Proof of the main results 

Notations: In the following, we will only consider finite partitions T = {^4 r } of 
Q measurable sets A r G T and we set 

ir F (X) : = ]T 7T A r(X)l^r, 

A r er 

K r (X,Q) : = inf \ E Q [£\g\ > Q E Q [X\g]} 

H r (X) : = sup K r (X,Q) 

4.1 Outline of the proof 

We anticipate an heuristic sketch of the proof of Theorem [8j pointing out the 
essential arguments involved in it and we defer to the following section the 
details and the rigorous statements. 

The proof relies on the equivalence of the following conditions: 

1. tt(X) = H{X). 

2. Ve > 0, 3 Q e € L*jr n V such that n(X) - K(X, Q e ) < e. 

3. Ve > 0, 3 Q £ e L*jr n V such that 

{C G Ljr I E Q MQ] >Oe E Qe [X\G}} C {C G Ljr \ tt(£) > tt(X) -e}. (17) 

Indeed, 1. => 2. is a consequence of Proposition [22] (when it holds true); 
2. => 3. follows from the observation that tt(X) < K(X, Q £ ) +e implies tt(X) < 
7r(£) + e for every ^ satisfying E Qc [£\G] > Qe E Qe [X\g}; 3. 1. is implied by 
the inequalities: 

tt(X) - £ < inf{7r(e) | tt(0 > ?r(X) - e} 

< inf {n(0 | > Qe E Qe [X\G}} < H(X) < n(X). 

Unfortunately, we cannot prove Item 3. directly, relying on Hahn-Banach The- 
orem, as it happened in the real case (see the proof of Theorem [TJ equation 
(j53[) . in Appendix). Indeed, the complement of the set in the RHS of (|T7|) is 
not any more a convex set - unless 7r is real valued - regardless of the continuity 
assumption made on n. 

Also the method applied in the conditional convex case |DS05j can not be 
used here, since the map X — > Ep[ir(X)} there adopted preserves convexity but 
not quasiconvexity. 

The idea is then to apply an approximation argument and the choice of 
approximating 7r(-) by 7r r (-), is forced by the need to preserve quasiconvexity. 
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I The first step is to prove (see Proposition[M]) that: H r (X) = Tr r (X). This 
is based on the representation of the real valued quasiconvex map it a in 
Proposition [Ml Therefore, the assumptions (LSC), (MON), (REG) and 
(QCO) on 7r are here all needed. 

II Then it is a simple matter to deduce n(X) = infr7r r (X) = mir H r (X), 
where the inf is taken with respect to all finite partitions. 

Ill As anticipated in ([3]), the last step, i.e. proving that infr H T {X) — H(X), 
is more delicate. It can be shown easily that is possible to approximate 
H(X) with K(X,Q e ) on a set A £ of probability arbitrarily close to 1. 
However, we need the following uniform approximation: For any e > 
there exists Q e € V-p n V such that for any finite partition T we have 
H r (X) — K r (X,Q e ) < e on the same set A e . This key approximation 
result, based on Lemma [271 shows that the element Q e does not depend 
on the partition and allows us (see equation ([Ml) ) to conclude the proof . 

4.2 Details 

The following two lemmas are applications of measure theory 

Lemma 25 For every Y G Lg there exists a sequence T(n) of finite partitions 
such that Ylrfn) ( su Pyi r (™> Y) lA r <") converges in probability, and P-a.s., to Y . 

Proof. Fix e, 5 > and consider the partitions T(n) = {Aq, A™, ...A" 2 „ +1+1 } 
where 

A™ = {Y"e(-oo,-n]} 

A] = {Y e(-n+ J -^,-n+^]} V j = 1, .... n2»+ 1 
A n n2n+1+1 = {re(n,+oo)} 

Since F(A% U A" 2n+1+1 ) -> as n -> oo, we consider N such that F(A^ U 
A/V2 N +i) < 1 — e. Moreover we may find M such that ^icr < S, and hence for 
T = T(M V N) we have: 

piweO| (swpY J l A r(u) - Y(u>) < 6 I > 1 -e. (18) 



Lemma 26 For each X e Ljr and Q G L*-p n 

inf K r (X,Q) =K(X,Q) 

where the infimum is taken with respect to all finite partitions T. 
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Proof. 

inf K T (X,Q) = inf inf {^ r (£) \ E Q [£\Q] > Q E Q [X\Q}} 

= inf {inf 7r r (0 | E Q m > Q E Q [X\g]\ 

= inf {tt(0 | £ Q [£|0] > Q £ Q [X|g]} = K{X,Q). (19) 

where the first equality in (|19[) follows from the convergence shown in Lemma 



The following already mentioned key result is proved in the Appendix, for 
it needs a pretty long argument. 

Lemma 27 Let X G Ljr and let P and Q be arbitrary elements of L*-p n V '. 
Suppose that there exists B G Q satisfying: K(X, P)1b > — oo, ttb(X) < +oo 
and 

K(X, Q)1 B < K(X, P)1 B + el B , 

for some e > 0. Then for every partition T = {B C ,T}, where T is a partition 
of B, we have 

K T {X, Q)1 B < K r (X, P)1 B + el B . 

Since 7r r assumes only a finite number of values, we may apply Proposition 
l24land deduce the dual representation of 7r r . 

Proposition 28 Suppose that the assumptions of Theorem [21 hold true and T 
is a finite partition. If for every X G Ljr, ir r (X) < +oo then: 

H r (X) = n r (X) > n(X) (20) 

and therefore 

MH r (X)=n(X). 

Proof. First notice that K r {X,Q) < H r (X) < ir r (X) < +oo for all 
Q G L*jr n V . Consider the sigma algebra Q r := cr(T) C Q, generated by the 
finite partition T. Hence from Proposition [M] we have for every 

n A r(X) = sup inf {7T A r(0 | E Q [^\g} > Q E Q [X\G}} . (21) 

Moreover H r (X) is constant on A T since it is t/ r -measurable as well. Using the 
fact that 7r r (-) is constant on each A T , for every A T G T we then have: 

H r (X)l A r - sup inf {^)l A r \E Q [t\g\ >q E Q [X\G}} 
QeL^nv i^ L ^ 

= sup inf {7r A r(0l A r \E Q [S\g\ >q E Q [X\G]} 

= n A r(X)l A r=-K T {X)l A r (22) 
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where the first equality in ([2"2"]) follows from (j!?Tj) . The remaining statement is a 
consequence of ([20]) and Lemma [25] ■ 

Proof of Theorem [8] Obviously ir(X) > H(X), since X satisfies the 
constraints in the definition of H(X). We may assume w.l.o.g. that 7r(0) = 
and so 7t(X1g) = 7t(X)1g for every G £ Q (indeed, otherwise we could consider 
p(.)=^(.)-7r(0) ). 

First we assume that 7r is uniformly bounded, i.e. there exists c > such that 
for all X £ Ljr \n(X)\ < c. Then H(X) > -oo. 

From Lemma [20] eq. (|12| . we know that there exists a sequence Qk £ L^PiV 
such that: 

K(X,Q k )t H(X), as k f oo. 

Therefore, for any e > we may find Q E £ L* T n V and A e G Q, P(A e ) > 1 - e 
such that 

if(X)l Ae -K(X,Q £ )l Ae <sl As . 
Since > K{X, Q) VQ£L>n P, 

(A(X, Q e ) + e)l Ae > K(X, Q)l Ae VQ G L* T n P. 

This is the basic inequality that enable us to apply Lemma [27] replacing there 
P with Q e and i? with A e . Only notice that sup^ tt(X) < c and K(X, Q) > — oo 
for every Q £ L*-p n P. This Lemma assures that for every partition r of SI 

{K r (X, Q e ) + e)l Ae > K r (X, Q)1 Ae VQ G L* T n P. (23) 

From the definition of essential supremum of a class of r.v. equation (|23[) implies 
that for every T 

(A' r (X,Q e )+e)l Ae > sup A r (X,Q)l Ae = H r (X)l As . (24) 
QeL^n-p 

Since 7r r < c, applying Proposition [28] equation ([20]) . we get 

(A- r (X,Q £ )+e)l Ae >7r(X)l Ae . 
Taking the infimum over all possible partitions, as in Lemma [21)1 we deduce: 

{K{X, Q £ ) + e)l Ae > n{X)l Ae . (25) 

Hence, for any e > 

(K(X,Q e )+e)l Ae > tt{X)1 Ae > H(X)l Ae > K(X,Q £ )l As 

which implies ir(X) — H(X), since P(A e ) -)• 1 as £ — > 0. 

Now we consider the case when 7r is not necessarily bounded. We define 
the new map ?/>(•) := arctan(-7r(-)) and notice that if>(£) is a (/-measurable r.v. 
satisfying \ip(X)\ < § for every X £ L r . Moreover ip is (MON), (QCO), (LSC) 
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and ip(Xla) = ip(X)lo for every G G Q. Since ip is bounded, by the above 
argument we may conclude that 

^(X) = H^X) := sup K^(X,Q) 

where 

K t (X,Q) := inf {V>(£) | E Q [£\g\ > Q E Q [X\G]} . 
Applying again Lemma [2U1 equation (fT2")l . there exists <5 fe G such that 

i^(Jf) =hm^(X,Q fe ). 

k 

We will show below that 

K^(X, Q k ) = arctan K(X, Q k ). (26) 
Admitting this, we have for P-almost every lo G fl 
arctan(7r(X)(o;)) = ^{X){uj) = H, p {X){lo) = lim K 4 ,(X,Q k )(uj) 

= lim arctan K(X,Q k )(u;)) = arctan(lim K(X, Q k )(uj)), 

where we used the continuity of the function arctan. This implies 7r(A) = 
lirrifc K(X, Q k ) and we conclude: 

tt(A) = limA(A,Q fc ) < H(X) < n(X). 

It only remains to show ((26)) . Wc prove that for every fixed Q G L*-p n V 
A V ,(A, Q) = arctan (K(X, Q)) . 

Since it and tp are regular, from Lemma fTOl iv). there exist £? G Ljr and t]9 G Ljr 
such that 

Eq[$\0\ >q E Q [X\g], E Q [ V 2\Q] >q E Q [X\g], Vh > 1, (27) 

i>(£h) 4- K i>( X , Q) and AVh) I K ( X > <9): as /i t oo. From (J27J) and the defini- 
tions of A (A, Q), K^(X, Q) and by the continuity and monotonicity of arctan 
we get: 

K^(X,Q) < \imip(r]9) = lim arctan 77(77?) — arctan lim7r(?7?) 

h h h 

= arctan A (A, Q) < arctan limTr(^) = lim = A^(A, Q). 
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Remark 29 Consider Q € V such that Q ~ P on Q and define the new proba- 
bility 



Q(F) := E Q 



dP G 
dQ 1f 



where — — =: hir 
dQ 



dQ 1 



, F e T. 



Then Q(G) = P(G) /or all G G Q, and so Q ePg. Moreover, it is easy to check 
that for all X G Ljr and Q G L*-p n V such that Q ^ V on G we have: 

Eq[x\g] = E Q [x\g\ 

which implies K(X,Q) = K(X,Q). 

Proof of Corollary [9] Consider the probability Q E G L*jr n V built up 
in Theorem [S] equation (|25p . We claim that Q e is equivalent to P on A e . By 
contradiction there exists B G Q, B C A e , such that P(B) > but Q S (B) = 0. 
Consider 77 G L^, <5 > such that P(7r(r?) + 6 < n(X)) = 1 and define £ = 
Xl B c+r?ls sothat^ Qe [£|a] > Qe Bgjxjg]. By regularity tt(£) = 7r(X)l B c + 
7r(r?)ls which implies for P-a.e. ui <E B 

tt(0(w) + ^ = 7r(f/)(w) + (5 < tt(X)(o;) < Q e )(w) + e < 7r(£)M + £ 

which is impossible for e < S. So Q e ~ P on A e for all small e < J. 

Consider <5 e such that ^jf- = + ^f1(A e ) c - Up to a normalization 

factor Q 6 G L*-p n P and is equivalent to P. Moreover from Lemma [19] (vi) , 

Q e )^-A c = ^(^)Qe)1a e and from Remark |2"91 we may define Q e G 
such that K(X,Q £ )l Ae = K(X,Q e )l Ae = K(X,Q £ )l Ae . From ((25J) we finally 
deduce: K(X, Qs)\a c + £^a e > i"(-^Qlyl e ) and the thesis then follows from 
Qe G P 5 . ■ 



5 Appendix 

5.1 Proof of the key approximation Lemma 1271 

We will adopt the following notations: If Fi and F2 are two finite partitions 
of ^-measurable sets then Ti n T2 := {A\ H A2 \ A4 G L;, i = 1, 2} is a finite 
partition finer than each T\ and IV 

Lemma [30] is the natural generalization of Lemma [17] to the approximated 
problem. 

Lemma 30 For every partition T, X G Ljr and Q G Ljr n T 3 , t/ie sei 
^(X) =§= {ir r (0 \ieL T and E Q [£\G] > Q E Q [X\G}} 

is downward directed. This implies that there exists exists a sequence {Vm}m—i ^ 
Ljr such that 

E Q [ri%\g} >q E Q [X\G] Vm > 1 , ir r ( V Q) | K r (X, Q)asm\ 00. 
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Proof. To show that the set Aq(X) is downward directed we use the nota- 
tions and the results in the proof of Lemma [17] and check that 

^(C) - 7T T (^l G + £ 2 l G c) < min {tt 1 ^), 7r r (£ 2 )} . 



Now we show that for any given sequence of partition there exists one se- 
quence that works for all. 

Lemma 31 For any fixed, at most countable, family of partitions {T(h)}h>i 
and Q G L*-p n V, there exists a sequence \ ^ > G Ljr such that 

Eq[&\G] >q E q [X\Q] for all m> 1 
7r(^m) 4- K{X,Q) asm too 
and for all h 7r r(/i) (^) 1 K T{h) (X,Q) asm^oo. 

Proof. Apply Lemma[T7land Lemma[30land find {^} m , {^J™, {^Jm 
such that for every i and m we have EQ[ip l m \ G] >q Eq[X\Q] and 

7r(^) I K(X,Q) as to too 
and for all h 7r r(fe) (^) 1 /v r(/l) (X, Q) as to t oo. 

For each m > 1 consider t^iLo^i^Pln)'- then there will exists a (non unique) 
finite partition of O, {i 7 ^}™ i such that 

m m 

Denote £® =: EtoVrn 1 ^ and notice that E™o 7r (^m) 1 F^ (fl = G ' ^ (^m) 
and -Eq >q Sq[JT|^] for every m. Moreover 7r(£^) is decreasing and 

tt(££) < tt(^) implies tt(^) | *T(X,Q). 

For every fixed h we have 7r(£^) < 7r(<£>m) for all /i < to and hence: 

* r(h) (£) < ^ implies 7r r W ) t i^ r( '° Q) as to t oo. 



Finally, we state the basic step used in the proof of Lemma |2"T1 

Lemma 32 Lei X G Ljr and let P and Q be arbitrary elements of L*-p H V '. 
Suppose that there exists B E Q satisfying: K(X, P)1b > — oo, 7Tb(X) < +oo 
and 

A-(A:,Q)1 b <K{X,P)l B +el B , 

for some e > 0. TTien /or any <5 > and anj/ partition To i/iere exists V D Tq 
for which 

K r (X, Q)1 B < K r (X, P)1 B + el B + 51 B 
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Proof. By our assumptions we have: — oo < K(X, P)1b < ^b(X) < +00 
and K(X 1 Q)1b < ttb(X) < +00. Fix <5 > and the partition IV Suppose by 
contradiction that for any T D Tq we have P(C) > where 

C = {cu e B I K r {X, Q)(lu) > K T {X, P){u) + e + 6}. (28) 

Notice that C is the union of a finite number of elements in the partition T. 

Consider that Lemma HT)1 guarantees the existence of } £ Ljr satis- 
fying: 

tt(#) I K{X,Q), as /i| 00, , £?Q[^|e]> Q S Q [Jf|a]V/i>l. (29) 
Moreover, for each partition V and /1 > 1 define: 

D r h :=Len\ 7r r (^)H - 7r(^)( w ) <J}ee, 

and observe that 7r r (£^) decreases if we pass to finer partitions. From Lemma 
[231 equation (|18|) . we deduce that for each h > 1 there exists a partition r(/i) 
such that P ^-Djj''' 1 ' 1 ^ > 1 — For every /i > 1 define the new partition 

T(h) = ^ H n r o so that for all ft. > 1 we have: r(/i + 1) D r(/i) 2 r , 

P (D r h W ) > 1 - £ and 

+ i) l^c« > (^(tf)) l D r Wl > 1. (30) 

Lemma l3T1 guarantees that for the fixed sequence of partitions {T(h)}h>i, there 
exists a sequence < £^ > £ Ljr, which does not depend on h, satisfying 

I J m— 1 

£?p[e«|0] >p E P [X\g)Vm>l, (31) 
^ r(/l) (^m) I K r W(X,P), as m too, VA>1. (32) 

For each m > 1 and T(/i) define: 

Cft*> :={,ec I ^)(^)H - a^)(x,p)H < ^} eff. 

Since the expressions in the definition of assume only a finite number of 

values, from (f3"2"j) and from our assumptions, which imply that K r ( h \X, P) > 
K(X,P) > -co on B, we deduce that for each T(h) there exists an index 

m(T(h)) such that: P (c \ C^ (h) ^j = and 

K^ h \X,P)l cnh) > U T W(C(r W )) ~ j) , Vft > 1. (33) 

°m(r(h)) \ 4/ u ™(r(i)) 
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Set E h = D T h {h) n C^L e G and observe that 

l Eh ->• l c P - a.s. (34) 
From ([50|) and (f3"3")) we then deduce: 

(^ + 01^ > (n^\tf))l Eh ,Vh>l, (35) 

i^'^P)!^ > (/ ( " ) K: (rW) )-J)l £ , l ,V/ 1 >l. (36) 

We then have for any h > 1 

7t(#)1 Bji +|i B| , > (7T r W(^))l^ (37) 

> ^W^Q)^, (38) 

> (ir r W(X,P)+ £ + 5)l B , (39) 

> (^ r(h) (^(r( h )))-|+£ + <5)l^ (40) 

> U(Cr(/ l )))+ e + ^) W (41) 



(in the above chain of inequalities, (|37| follows from (|35|) ; (|38|) follows from (|29|) 
and the definition of K T ^(X, Q); (J39J) follows from (gSJ); (gDJ) follows from p6]l: 
(|4"Tj) follows from the definition of the maps 7T^r(h)). 
Recalling (f5T|) we then get, for each ft, > 1, 

7r(#)l B * > Ui&pw)) + F - + > P ) + £ + ^ > 

(42) 

From equation and (0U) we have 7r(^)l^ -4 Q)l c P-a.s. as h t oo 

and so from (|42|) 

l c iT(X,Q) = limv($)l Eh >liml Bh (k(X,P) + e + S -^j 

= 1 c (k(X,P) + e+£) 

which contradicts the assumption of the Lemma, since C C B and P(C) > 0. ■ 

Proof of Lemma l27l First notice that the assumptions of this Lemma are 
those of Lemma [32l Assume by contradiction that there exists To = {P c ,ro}, 
where To is a partition of B, such that 

P(w e B | i^ ro (X,Q)(w) > K To {X,P){lj) +e) > 0. (43) 
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By our assumptions we have K T °(X,P)1 B > K(X,P)1 B > -co and K T ° (X, Q)1 B < 
tt b (X)1 b < +00. Since K r ° is constant on every element A r " G r , we denote 
with K A °(X,Q) the value that the random variable K r °(X, Q) assumes on 
A T °. From (gSJ) we deduce that there exists AF° C B , A r ° G T , such that 

+00 > K Ar ° {X, Q) > K XT ° (X, P)+e> -00. 

Let then d > be defined by 

d =: K XT ° (X, Q) - K XT ° (X, P) - e. (44) 

Apply Lemma [521 with 5 = | : then there exists F D F (w.l.o.g. T = {B c ,f} 
where T D Fo) such that 

X r (X,g)l B < (A' r (X,P)+e + 5)l B . (45) 

Considering only the two partitions T and To, we may apply Lemma 1311 and 
conclude that there exist two sequences e an d Ifi^i S £.F 

satisfying as /ijoo: 

Mtfig >p£?p[m ^ru^p^n ^ r (eDi^ r (^^)(46) 

> Q Eq[X\Q\, n^(^)iK^(X 7 Q), n r (tf)lK T (X,Q)(47) 

Since if r °(A, P) is constant and finite on A^", from (|4l)]) we may find h\ > 1 
such that 

^ (^)-K^°(X,P) < |,Vfc> fti. (48) 
From equation (|44f and (|48)l we deduce that 

^ (tf) < ^ (X, P) + ^ = K XT ° (X,Q)-e-d+~,Vh>ht, 
and therefore, knowing from (g7]| that A^ (X, Q) < 7r^ ro (£^), 

^ (^) + |<^o(e?)-e V/»>ftx. (49) 

We now take into account all the sets A r C A r ° C B. For the convergence of 
1T A r (£h ) we distinguish two cases. On those sets A r for which if" 4 (X, Q) > —00 
we may find, from (|47|) . ft, > 1 such that 

^r(^)-/f' 4r (X,Q)<^V/ l >ft. 

Then using (|45|) and (j46|) we have 

7r A r (#) < (AT, Q) + £ < A'^ (X, P) + e + 5 + I < n A r (tf ) +S + S+ 6 - 
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so that 

7r A r(#)<7r A r(e£)+e+y Vfc>5. 

On the other hand, on those sets A T for which K aT (X, Q) = — oo the conver- 
gence (HT)) guarantees the existence of /i > 1 for which we obtain again: 

*Ur(#)<7r A r(e£)+e+y V ft>£ (50) 

(notice that if r (X, P) > P)1 B > -oo and (0SJ) imply that 7T^r(£j°) 

converges to a finite value, for A r C P). 

Since the partition T is finite there exists hi > 1 such that equation (|50l) 
stands for every A r C A 1 " and for every /i > and for our choice of S = | 
(|5"0)) becomes 

TAr(^)<^r(^)+e + | Vft>/1 2 VA r C^ r °. (51) 

Fix h* > max{/ii, /12} and consider the value ^^r Then among all A r C 

A r ° we may find P r C A^ such that 7T B r(^») = 7T^r Thus: 

which is a contradiction. ■ 

5.2 On quasiconvex real valued maps 

Proof of Theorem [Q By definition, for any X' G L', Ppf '(X), X') < /(X) 
and therefore 

sup R(X'(X),X') < f(X), X e L. 
X'eL' 

Fix any X G L and take e G K such that e > 0. Then X does not belong to 
the closed convex set {£ <E L : /(£) < /(X) — e} := C E (if /(X) = +00, replace 
the set C £ with {(6i: /(£) < M} , for any M). By the Hahn Banach theorem 
there exists a continuous linear functional that strongly separates X and C E , i.e. 
there exists a£t and X 1 G V such that 

X' £ {X) > a > X' e (£) for all £ G C e . (52) 

Hence: 

{£ G L : > ^(X)} C (C £ ) c = {£ G X : /(£) > /(X) - £ } (53) 

and 

/(X) > sup R(X'(X),X')>R(X' E (X),X' e ) 
X'eL' 

= inf {/(£) I £ G L such that > 

> inf {/(£) I f G L satisfying /(£) > /(X) - e} > f(X) - e. 
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Proposition 33 Suppose L is a lattice, L* = (L,>)* is the order continuous 
dual space satisfying L* L 1 and (L,a(L, L*)) is a locally convex TVS. If 
f : L — > R is quasiconvex, a(L, L*)-lsc and monotone increasing then 

f(X)= sup R(Q(X),Q). 

QeL* + \Q(l)=l 

Proof. We apply Theorem Q] to the locally convex TVS (L,a(L,L*)) and 
deduce: 

f(X)= sup R(Z(X),Z). 

ZeL'CL 1 

We now adopt the same notations of the proof of Theorem Q] and let Z £ L, 
Z > 0. Obviously if £ £ C £ then £ — nZ £ C e for every n £ N and from ([52^1 we 
deduce: 

X'M-nZ) <a<X'(X) => X'JZ) > X ^~ X > Vn £ N 

n 

i.e. X' e £ L\ C L 1 and ^ 0. Hence X' £ (l) = E r [X' e ] > and we may 
normalize X' to X'/X' e {l). ■ 
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